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Abstract 
For given n, let G be a triangle-free graph of order n with chromatic number at least 4. In this 
paper, we shall prove a conjecture of H/iggkvist by determining the maximal value of 6(G). 
1. Introduction 
In this paper we shall study how large the minimal degree of a triangle-free graph 
with n vertices and chromatic number at least 4 can be. In fact, this is about the 
simplest nontrivial problem in a large family of rather difficult problems posed by 
Andrfisfai et al. [1]. 
Given natural numbers r and t, let n(r, t) be the minimal order of a K'-free graph 
with chromatic number at least t. Note that n(r, t) = t for t ~< r - 1 and n(3, 4) = 11. 
To see the latter assertion, note that the Gr6tzsch graph H, shown in Fig. 1, is 
a triangle-free four-chromatic graph of order 11, so n(3, 4) ~< 11. Also, suppose that 
G is a traingle-free four-chromatic graph of order 10. Let x be a vertex of G with 
maximal degree. Then the chromatic number of G - F (x)  - {x} is at least 3 since F(x )  
is an independent set of G, so G - F (x )  - {x} contains a 5-cycle. This shows that, the 
maximal degree of G is at most 4. Also, since G is at least 4-chromatic, the maximal 
degree of G is at least 3. In each of the two cases A (G) = 3 and A (G) = 4, it is easy to 
arrive at a contradiction. Hence n(3, 4) >t 11. 
In order to investigate the connection between the minimal degree, the chromatic 
number and the clique number of a graph, in 1974 Andr~isfai et al. [1] posed the 
problem of determining the function 
~k(n ,K ' , t )  = max{f(G): K r ¢:G, z(G)  >>- t, IG[ = n}.  
Here r, t and n are natural numbers atisfying n >1 n(r, t). In other words, what is the 
minimal value of d such that, for every graph G with chromatic number at least t, if the 
degree of each vertex of G is at least d then G contains a K'? 
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Fig. 1. The Gr6tzsch graph H. 
As an immediate consequence ofTurhn's theorem [6] we see that, if t ~< r - 1 and 
n >/t, then $(n, K', t )=  [_n(1 - 1/(r-  1))_~ Having posed the general question, An- 
dr~isfai et al. [1] studied the case t = r and proved that if n >~ n(r, r) then 
~(n, Kr, r )=(1- r_~l  ~)n + O(1). 
In fact, if(3r - 4)In then the error term O(1) above is zero. Also in 1974, Erd6s and 
Simonovits [4] studied the case r = 3 and t ~> 4, and showed that if n/> n(3,t) then 
tk(n, g3,t) >1 (½ - o(1))n. 
Erd6s and Simonovits conjectured that, for every fixed t t> 4, we have 
$(n, K3, t) ~ ½n. 
Ten years ago H/iggkvist [5] disproved this conjecture for t = 4 and gave a con- 
struction showing that ~k(n, K3,4)/> ~-~n if 291n. The graph F29,, constructed by 
Hiiggkvist is a complete H-type graph obtained from the Gr6tzsch graph H (see 
Fig. 1) by replacing each of the five vertices of H on the outside by 3m vertices, each 
of the five vertices on the inside by 2m vertices and by replacing the center vertex 
by 4m vertices. Not unexpectedly, this example led H/iggkvist to conjecture that 
~k(n, K3,4) = ~n if 291n. 
The main aim of this paper is to determine the function ~(n, K3,4) and so, in 
particular, to prove H/iggkvist's conjecture. We prepare the ground in Section 2 by 
proving a preliminary result and then, in Section 3, we determine ~,(n, K 3, 4). 
The notation and terminology used in this paper are either defined here, or else are 
standard (see the monographs of Bollobhs I-2, 3]). 
2. A preliminary result 
In this section, we shall count all indices modulo 5. Define a functionf(n) by setting 
j'l°~9a~ if 291n-3  and n/>33, 
f(n) = -. , lo,,  LL_-'~V J otherwise. 
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In order to prove the next theorem and several lemmas in the next section, we need the 
following trivial lemma. As usual, a graph G is said to be a maximal triangle-free graph 
if G is triangle-free and G + e contains a trainagle for every edge e e E((~). 
Lemma 1. I f  G is a maximal traingle-free graph, then every nonadjacent vertices have 
a common neighbour. 
As customary, we denote by F(v) the set of neighbours of a vertex v of the graph G. If 
we wish to emphasize that the neighbourhood is taken in a graph Go then we write 
Fro(V ) instead of F(v). 
Theorem 2. Let G be a graph of order n with minimal degree 6(G) >f(n), containing 
a vertex x, such that G - F(x) contains a 5-cycle. Then G contains a triangle. 
Proof. Suppose that, contrary to the assertion, the graph G contains no triangle. Our 
aim is to arrive at a contradiction. 
We may assume that G is a maximal triangle-free graph. For the sake of conveni- 
ence, let G' = G - F(x) and c = ala2aaa4a5 be a 5-cycle in G', and, for 1 ~< i ~< 5, 
define the following collection of sets: 
and 
Set 
Xi = r(a~_ 1) n r(ai + 1 ) n r (x ) ,  
Y i= F(ai) nF (x ) -  X i _ l -  Xi+x, 
5 
x = v (6 ' ) -  U (N, u v,) 
i=1  
and, for 1~<i~<5, 
Ni = rG,(a~- 1) n Fo,(a~+ 1), 
Vi = F¢(ai) - N i_ 1 - -  Ni+ 1. 
and 
5 
n = IXl  + d(x) + ~ (n, + v,) (1) 
i=1  
5 
d(x) ~ ~. (x, + y,). (2) 
i= l  
Note that, if X~ -~ 0 then, as G is triangle-free, 
r(z l )  c N i -  1 w Ni+ 1 u Vi u Fv, ~(zi) u rv, ,(zi) u X.  
Also, let X, = {z, .... }, V~ = {ui .... } and Y, = {w, .... } where, needless to say, the 
vertices z~, u~ and w~ exist only if the corresponding sets are nonempty. 
Clearly x ~ X, 
x, = IXd, n, = IN,I, Yi = I Y, I, v, = [Vii. 
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Therefore, 
d(zi) ~< ni-1 + ni+l + vi + dr, 2(zi) + dv,+2(zi) + IXl. (3) 
Also, note that, by the definitions of Yi and V~, 
F(a i )  = N i - i  k) N i+ l k-) X i -1  k..) X i+ l  k.) Yi w V i. 
Since the sets on the right-hand side are disjoint, 
d(ai) = ni- l  + ni+l + xi-x + xi+l + Yl + vi. (4) 
Denote by r the number of indices uch that x~ > 0. Therefore, we have 0 ~< r ~< 5. 
We may assume that the vertex  and the 5-cycle C in G - F(x) have been chosen so 
that r is maximal. The rest of the proof is divided into 6 cases according to the value 
of r. The case r = 5, to be done first, is by far the most complex. 
Case 1: r = 5. Since 6(G) >f(n), we have 6(G) >>. (10n - 1)/29 if n = 29m + 3 and 
6(G) f> 10n/29 otherwise. 
(i) Suppose first that 6(G) >>. 10n/29. Since r = 5, we have xi ~> 1 for 1 ~< i ~< 5. By 
(3), we have 
hi-1 --k ni+ x + l)i "At- Vi-  2 -[- Ui+ 2 "~ ]X l  ~ d(zi) >1 
for 1 ~< i ~< 5. By summing the inequalities above for 1 ~< i ~< 5, we obtain 
5 5 50n 
2 2 n i+ 3 ~-' vi+ 51Xl>>. 
29' i=1  i=1 
so, by (1), 
5 5 y 2-9- >~ 3 ni + 2 vi + 5d(x). (5) 
i=1  i=1 
Since 6(G) ~> 10n/29, by (4) we have 
hi_ 1 "~- hi+ 1 -b X i -  1 "~- Xi+ 1 "~- Yi + Vi >~ lOn ~lj- . 
By summing these inequalities, we get 
5 s 5 5 50n 
2~ni+2~x'+2Y '+~v'>~ 2---9-" (6) 
i=1  i=1 i= l  i=1  
Inequalities (5) and (6) imply that 
95n 3(  £ ~ £ £ ) ~ ~ 
2-ff ) 2 2 n i + 2 x~ -1- Yl q- v i -b vi nt- Yl 
i=1  i=1 i=1 i=1 "= "= 
i=1 
3 50n 20n 95n 
>~2~--~ 29 - 29 
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Therefore, we have equality in each of our inequality, 291n, IXI = 4n/29, d(x) = 10n/29 
and, for each i, nl = 3n/29, xi = 2n/29 and y~ = v~ = 0. Thus, G is the graph F29 m 
where m = n/29. However, if G = F29rn then 6(G) = 6(F29m)  = 10m =f(n), which 
contradicts 6(G) >f(n). 
(ii) Suppose now that n = 29m + 3 ~> 33 and 6(G) >! (10n - 1)/29. By (3), we have 
ni -1  + n i+l  + v~ + v~ 2 + v~+z + IXl >t d(zi) >~ 10m + 1. (7) 
By summing these inequalities, we obtain 
5 5 
2 ~, n~+3 ~ v~+5lXl>~5Om+5, 
i=1  i=1 
so, by (1), 
5 5 
5(19m + 2) ~> 3 ~ n~ + 2 ~ v, + 5d(x). (8) 
i=1  i=1 
Since 6(G) >>, 10m + 1, by (4) we have 
ni-l +ni+l + xi-l  + xi+l + yi+vi >>-lOre+ 1. (9) 
By summing these inequalities, we get 
5 5 5 5 
2 E n ,+2 ~ xi+ Z Y,+ Z v,>~ 50m+ 5. (10) 
i=1  i= l  i= l  i=1  
We claim that either y.~= ~ vl + y~= 1 Y~ t> 1. Indeed, if Y~= ~ v~ = y.~= ~ Yi = 0, then 
inequality (10) implies that 
5 5 
ni + Y', xi >~ 25m + 3 
i -1  i=1  
since n~ and x~ are all integers. Therefore, by the inequality above, inequality (8) gives 
the contradiction 
95m+101>3(25m+3)+20m+2=95m+l l ,  
proving our claim. 
Since ~=a vi + y~/5= 1 Yl >I 1, we have equalities in (8) and (10), i.e. 
5 5 
5(19m + 2) = 3 ~] n~ + 2 ~] v~ + 5d(x), (11) 
i=1  i=1 
5 5 5 5 
2 Y' ni+2 E xi+ Z Yi+ Y', vi=5Om+5, (12) 
i= l  i=1  i=1 i=1 
and 
5 5 
Y, v, = 1, Y, y, = o, 
i=1  i=1 
5 
d(x)= ~ xi= lOm + l. 
i=1  
(13) 
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Since ~5= 1 vi = 1 and vi is natural number, we may assume that vl = 1, so, v~ = 0 for 
2 ~< i ~< 5. Since ~= 1 Y~ = 0 and y~ is natural number, we have Yi = 0 for 1 ~< i ~< 5. 
Therefore, by (1), (7), (9), (11)-(13), we have the following equalities: 
~=1 n~ + 1 + d(x) + ]Xl = 29m + 3, 
n5 + n2 + 1 + IXI = 10m + 1, 
n l+n3+lX l=10m+ 1, 
n2 + n4 + 1 + IXI -- 10m + 1, 
n 3 -k- n 5 d- 1 + IXI = 10m + 1, 
n4 -k- nl q- IXI -- 10m + 1, (14) 
ns+n2+xs+x2+l=10m+l ,  
n l+n3+xl+X3= 10m+ 1, 
nz+na+x2+x4= 10m+ 1, 
n 3 q- n 5 q- x 3 -k- x 5 = 10m + 1, 
n4 + nl + x,t + xl = 10m + i, 
d(x) = E5=1 xi = 10m + 1. 
In particular, we have 
n2 + n4 + va + IXI = 10m + 1, (15) 
na + n5 + vx + IXI -- 10m + 1. (16) 
By solving the system (14), we find that 
x~=2m-1 ,  x3=x4=2m+l ,  nx=3m+l .  
By inequality (7) with i=  3 and equality (15), we see that the neighbourhood 
of a vertex z3 e Xa is precisely V1 u N2 u N4 u X. Also, by inequality (7) with i = 4 
and equality (16), we see that V: u N3 u N5 u X is the neighbourhood of a vertex 
z4~X4.  Since G is triangle-free, the vertex ul in V1 is not joined to any 
vertex in N2uNauN4uNsuX.  Therefore, since d(x)=yS=lx i  we have 
F(uO c N1 w X1 u X3 u X4, so 
10m+ l~<d(ul)<<.nl +xx+xa+x4=9m+2.  
Hence m = 1, contradicting that m >/2. This completes the proof of Case 1. 
[ In fact, for m = 1, the argument above describes an l 1-regular triangle-free 
four-chromatic graph on 32 vertices (see Fig. 2); the graph constructed in this way will 
be used in the proof of Theorem 9 in the next section.] 
Case 2: r = 4. Without any loss of generality, we may assume that xa = 0 and 
xi ~ l fo r2~<i~<5.  
4 
3 
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Fig. 2. A triangle-free and 4-chromatic graph of order 32. The numbers denote the multiplicities of the 
vertices. 
Let us suppose that dv,(Z3) + dv,(Z4) <~ vl. Then, by (3), 
vt + nz + n3 + n4 + ns + v2 +/)3 -{-/)4 -[-/)5 + 2lXI 
/> d(z3) + d(z4)  >t - -  
20n - 2 
29 ' 
so, by (2), 
9n+2 n -3  
IXI/> d(x) 2~ + nl >~ ~f f -  + nl. (17) 
On the other hand, by (4) and xl = 0, we have 
5 5 
nl + ~j~ n~ + ~ xi + vl + v2 + v5 + Yl + Y2 + Y5 
i=1 i=1 
30n - 3 
>t d(al) + d(a2) + d(as) >~ - -  
29 
Thus, by (1), (2) and xl = 0, 
n -3  n -3  
n, > ~ +  IXI + v3 + v4 + Y3 + Y4 />---g-~--,-k-IXl. LY  AY 
(18) 
Therefore, by (17) and (18) 
n -3  n - -3  
As n > 3, this is a contradiction, proving that dvl (Z3)+ dye(Z4)> vl. Therefore, 
there is a vertex ul E V1 such that ulz3, u~z# ~ E(G). However, if we chooses the 
vertex ax instead of x and the cycle xz3a4a3z3 X, we have r = 5. This contradicts our 
assumption on r. 
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Case 3: r = 3. Without any loss of generality, we may assume that either 
x~=xs=0andx~>/ l fo r i=2,3 ,4orx2=xs=0andx i>~l  for i=  l,3,4. 
(a) Let us suppose first that our cycle and the x~ can be chosen so that x~ = x5 = 0 
and x~/> 1 for i = 2, 3, 4. It is easy to see that no vertex in V~ has a neighbour in X3 
and a neighbour in X4. Otherwise, we can choose a~ instead of x and find a 5-cycle 
such that r/> 4. Therefore for any vertices z3~.S  3 and z4eX4,  we have 
dv1(23) + dvt(Z4) ~ Vl. Hence, by (3) 
SO, 
vl + n2 + n3 + n4 + n5 + v2 + v3 + v4 + v5 + 21XI ~ d(g3) + d(z4) 9 - -  
20n - 2 
29 ' 
9n+2 n -3  
IXl/> d(x) 2~ + n~ >1 ~ + nl. (19) 
On the other hand, by (4) and x~ = x5 = 0, we have 
5 4 
nl + ~,  ni + ~.~ xi + vl + v2 + v5 + Yl + Y2 -I- Y5 
i=1 i=2 
thus 
>1 d(al) + d(a2) + d(as) >!- -  
30n - 3 
29 ' 
n -3  n -3  
nl >/ -~-  + [XI + va + v4 + Y3 -t- Y4 >/ - -~  + IXI. (20) 
Therefore, by (19) and (20) 
n-3  n - -3  n -3  
nx ~>-~-+ IXl >_- ~-~-- +-~-  + nl. 
This is a contradiction since n > 3. 
(b) Suppose now that we cannot have a cycle and the xi such that xl = x5 = 0 and 
xi ~> 1 for i = 2, 3, 4. Then x2 = x5 = 0 and xi ~> 1 for i = 1, 3, 4. Lemma 1 implies 
yl >t 1. Also, every vertex w~ e YI has no neighbour in N 3 and N4 since otherwise, we 
could find another 5-cycle and vertices x~ such that xt = x5 = 0 and xi ~> 1 for 
i=  2,3,4. Clearly, the vertex w~ has no neighbour in V~ w N2uNs .  Therefore, 
r (w, )  = N~ U~,:2 V, u X, so  
10n-  1 
nl + 2 vi + IXI/> d(wl) >1 2----~' 
i=2  
that is 
5 
lOn - 1 
nl /> 2------9- IXl- ~ vl. 
i=2  
(21) 
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Let z 3 E X 3 and z4 e X4. Then by (3) 
5 5 
E n, + v, + E v, + 21Xl 1> d(z3) + d(z4)>>. - -  
i=2  i=1 
thus 
20n -- 2 
29 ' 
20n - 2 5 Y'.v,+21xl>_. + , , ,  - ,Y__, ,,, - 
i=1  i=1 
Therefore, inequalities (21) and (22) imply that 
5 5 
~-~v~ + 21Xl/> 20n - 2 2~ ~- nl - E n i -  vl 
i=1  i=1 
20n - 2 10n  - 1 
9 - - + - -  
29 29 
5 5 
IxI-Ev,-E.,-v, 
i=1  i=1 
5 5 
30n - 3 
29 i=1  i=l 
(22) 
30n - 3 
> ! - -  (n - d(x)) 
29 
l ln -4  
29 (23) 
Since G is triangle-free, ach vertex of G is joined to at most two vertices of the cycle 
C. By the definition of V~ and Y1, each vertex in Vi and Yi is joined to only one vertex 
of the cycle for 1 <~ i ~< 5, and no vertex in X is joined to any vertex of the cycle C. 
Therefore, 
5 5 5 
Z (v, + y,) + 2 Y' (x, + n,) >1 ~. dc(v) = 2 d(a,) > i - -  
i=1  i=1 veG i=1  
50n -- 5 
29 
(24) 
Hence, by (23) and (24), we arrive at the contradiction 
47n + 4 l ln  - 4 
- 2n 
29 29 
>>. 2n-  Y. v i -  2lXI 
i=1  
5 5 
>>- ~ (vi + y,) + 2 y, (xi + ni) 
i= l  i=1  
50n - 5 ~ > - -  
29 
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Case 4: r = 2. Without any loss of generality, we may assume that either 
x l=x2=xs=0andx i>/1  fo r i=3,4orx1=x3=xs=0andx~>l for i=2,4 .  
Let us suppose first that x~=x2=xs=O and x~>l  for i=3 ,4 .  If 
dvj(7.3) -+- dvl(z4) > Vl then there is ul in Vl such that ul is joined to z3 and z4. 
Considering the vertex a~ instead of x and the cycle xz3a4a3g4x instead of 
the cycle C, we have r/> 3. This contradicts the assumption that r = 2. Hence 
dv l (Z3)  + dv~(Z4) <~ l)X. 
By (3), we have 
vl + n2 + n3 + n4 + n5 + v2 + va + v4 + v5 + 21XI 
20n - 2 
/> d(z3)  + d(z4) >>- - - ,  
29 
so, by (1) 
9n+2 n -3  
IS l /> d(x) 2--~- + nl >>- - -~  + n~. (25) 
On the other hand, by (4) and x~ = x 2 : x 5 = 0, we have 
5 4 
nl + L ni + L xi + vl + I)2 -'1- 1)5 -~- Y l  "~- Y2 q- Y5 
i=1  i=3 
>1 d(ax) + d(a2) + d(as) >~ - -  
30n - 3 
29 
Thus, by (1), (2) and x 1 = x 2 = x 5 = 0,  
n-3  n -3  
nl ~>~+ IXI + v3 + v4 + Y3 -Fy4 ~> - -~-  -k- IXI. (26) 
Therefore, (25), (26) and n/> 3 give the contradiction 
n -3  n -3  
We may suppose then that xx = x3 = xs = 0 and x~/> 1 for i = 2, 4. Then Yl/> 1 for 
i = 2, 4 by Lemma 1. Let w2 e Y2. If we consider a5 instead of x and the cycle 
C '= xwEa2a3g 2 instead of the cycle C, we find that either r ~> 3 or we can have 
xx = x2 = x5 = 0 and x~/> 1 for i = 3, 4. We have shown already that both assump- 
tions lead to contradictions. 
Case 5: r = 1. We may assume that x~ >t 1. Then x~ = 0 for 2 ~< i ~< 5. Let zx E X~. 
Lemma 1 implies that y~ i> 1 for i = 1, 3, 4. Since r = 1, the vertex wt is not joined to 
any vertex in Na w N4. Clearly, wl is not joined to any vertex in N2 w N5 since G is 
triangle-free. Similarly, wa is not joined to any vertex in N 1 u N 2 U N4, and w4 is not 
joined to any vertex in Nx w Na w Ns. Finally, since r = 1, the vertices wa and z~ 
have no common neighbour in Ns, and the vertices w4 and z~ have no common 
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neighbour in N 2. Therefore, considering the possible neighbours of zl, wl, w 3 and w4, 
we have 
r-~5 v-~5 40n - 4 
2.~ n, + 3 2.~ v, + 41Xl/> d(zO + d(wO + d(w3) + d(w,)  >~ 
2-~--- i=1  i=1 
By (1), the inequality above implies that 
r-~5 l ln - -  4 21n-  5 
2 2.~ vi + 3IXI/> 2~ ~- d(x) >>. 29 i= l  
and so 
5 10n 
2_, v~ + 21XI t> 
2---9-" i=1  
This means that the number of the vertices joined to (at least) two vertices of C is at 
most 19n/29. However, this is impossible since the number of the vertices joined to two 
vertices of C is at least 
x-~s 50n - 5 21n - 5 
2.~ d(ai) - n >~ 29 n - 2~ i=1  
Case 6: r = 0. This means that no vertex in F(x) is joined to two vertices of C. 
Therefore, the number of vertices joined to two vertices of C is at most n - d(x) - 1 
and at least y.~= 1d(ai) - n, i.e. 
5 
n - d(x) >l ~.~ d(al) - n ~> - -  
i=1  
Hence, 
8n - 5 
d(x) <~ 
29 
50n - 5 21n - 5 
29 29 
contradicting that d(x) >1 (10n - 1)/29. This completes the proof of our theorem. [] 
The following assertion can be read out of the proof of above. 
Corollary 3. Let G be a graph of order 29m with minimal degree 6(G)~> f(29m),  
containing a vertex x, such that G - F(x)  contains a 5-cycle. Then either G contains 
a triangle or else G ~ F29,n. 
Theorem 2 is the corner-stone of our proof in the next section. 
3. The function ~(n,K 3, 4) 
In the next four lemmas, let G be a maximal triangle-free graph with chromatic 
number at least four and the minimal degree at least (10n-  1)/29. Since G is 
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triangle-free, the neighbour set F(x) is independent, so the subgraph G - F(x) is at 
least three-chromatic. Indeed, if G - F(x) is bipartite then we use 1 and 2 to colour 
G-  F(x) and use 3 to colour the vertices in F(x). Hence G is three-colourable, 
contradicting our assumption that G is at least four-chromatic. 
This shows that G - F(x) contains an odd cycle. Let C be a minimal odd cycle in 
G - F(x), say C = ala2 ... a2k+lal, where k/> 2. In the next four lemmas, we shall 
study this cycle C and prove that k = 2. Let G' = G - F(x). 
Lemma 4. l f  k >>. 2 then there is a vertex y e F(x) such that y is joined to k vertices of  the 
cycle C. 
Proof. Suppose that every vertex in F(x) is joined to at most k - 1 vertices of C. Since 
C is the minimal odd cycle in G - F*(x) every vertex in G - F*(x) is joined to at most 
two vertices of C. Therefore, as 6(G) >>, (10n - 1)/29, we have 
(k - 1)d(x) + 2(n -- d(x) - 1)/> E dc(v) + E dc(v) 
wr(x) v~V(G') 
2k+l  
E d(ai) 
i=1 
1On-  1 
/> (2k + 1) - - ,  
29 
29 
and so 
10n - 1 
(k -3 )d(x )+2n-21>(2k+l ) - -  (27) 
Note that (10n - 1)/29 ~< d(x) < n - (10n - 1)/29. If k = 2 then inequality (27) gives 
2n - 2 i> (60n - 6)/29, which is a contradiction. If k ~> 3 then inequality (27) implies 
the contradiction 2n - 2/> (70n - 7)/29. [] 
Our next aim is to prepare the ground for the proofs of the next three lemmas. Let 
y be a vertex in F(x) such that 
I U F~,(v) = max Fo . .  U (v) 
v~Fc(y ) weE(x) v~Fc(w) 
Put s = I Uvo,¥~y~ ro,(v)l. Since G is triangle-free, no neighbour of y is in 
SO 
U r~,(v), 
veFc(y) 
10n-  1 
]G'[/> d(y) - 1 + s >>. 2~-9-- 1 + s. (28) 
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Set Vi = {x: xe  V(G'), dc(x) = i} and ni = IV~I for i = 0,1,2. Clearly, 
IG'I = no + nl + n2. (29) 
Since G is triangle-free, each vertex of F(x) is joined to at most k vertices of C. 
Therefore, 
2 2k+l  
10n I 1 
kd(x)+n,  + 2nz>l Z dc(v)+ L Z dc(v)= L d(ai)>~(2k + 1) 
29 ' v~F(x) i=0  veVi i= l 
so, by (29) and d(x) = n - 1 - ]G'I, 
k(n - 1 - Ia'l) + 216'1 - 2no - nl >~ (2k + 1 ) -  
lOn - 1 
29 
(30) 
Hence, inequalities (30) and (28) give 
i.e. 
(1On_- 1 
k(n -  1) - (k -2 ) \  29 1 +s) -2no-n l>~(2k+ 1) - -  
10n-  1 
29 
10n 3k - 1 kn 
(k -2 )s~<~-+ 2~ 29 2 -2no-n1 .  (31) 
Lemma 5. I f  k >>. 4 then, for 1 <~ i <<. 2k + 1, we have 
r(a~_ ~) n r(a~+ ~) n r(x) ¢ O, 
where ao : a2k+l  and 32k+2 ~ a 1.  
Proof. Suppose that 
F(ai- 1 ) n r(ai+ 1) n F(x) = 0 
for some i. Without any loss of generality, we may assume that 
r (a , )  n r(a3) n r(x)  = O. 
Since F(al) c~ F(a2) = 0 and F(a2) n F(a3) = 0, we have 
IF(x) n r(a,) l  + IF(x) n r(a2)l + IF(x) n r(a3)l ~< Ir(x)l = d(x). (32) 
Lemma 1 implies that F(x) n F(a~) ¢ 0 for i = 1, 2, 3. Therefore, inequality (31) gives 
dw(ai) ~< s < (3n - 2)/29 since (3k - 1)/(29(k - 2)) < 1 for k >i 4, so 
10n-  1 3n-2  7n+ 1 
IF(x) n C(ai)l/> d(ai) - da.(al) > - -  
29 29 29 
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for i=  1,2,3. Therefore d(x)> (21n + 3)/29. Finally, for every y eF(x)  we have 
F(y) c V(G') u {x}. Hence we arrive at the contradiction 
n = 1 + [G'[ + d(x) > d(y) + - -  
21n + 3 10n-- 1 21n + 3 
~ > - - + - - > n .  [] 
29 29 29 
Lemma 6. We have k <~ 3. 
Proof. Suppose that k/> 4. Lemma 4 implies that there is y ~ F(x) such that F(y) 
contains k vertices of C. Without any loss of generality, we may suppose that 
r(y) = {al,a3,a 5.. . . .  a2k+l } . 
Since G is triangle-free, the vertex y is not joined to any vertex of F(x) and any 
neighbour of {al, a3, a5 . . . . .  a2k+ 1 }, SO 
k 
r(y) c {x} • Vo U r~,(a2i)u r~,(a2k.l), 
i=1  
i.e. 
k 
r (y )  - {x} u Vo c rG,(a2k.l) ~ r~,(a23. 
i=1  
Define sets Mx ... . .  Mktk+2)/2 I as follows: MI = F~,(a2k+ 1)U FG,(a2) and 
Mi = f fG , (a4( , -  1)) LJ Fa,(a4i_2) 
for 2 ~< i ~< [_ k/2 J. Finally, 
fr~,(a2~) if k is even, 
Mgk. 2~/21 = ~ [FG,(a2k- z)w F6,(a2k) if k is odd. 
By the pigeonhole principle, there is some Mh satisfying 
I t (y ) -  {x} u Vol 
IMhl/> k + 2)/2 j
SO 
(lO.-_ 1 _ 1) 
IMhl >/ ~: tz  \ 29 no • 
By Lemma 5, and the maximality of s, we have 
2 ) 
s no -  1 . 
Thus, inequality (31)gives 
(10n-  1 )2 (k -2 ) lOn3k- lkn  
29 no-  1 k+~ ~ + 2~ 29 2 - -  2n  0 - -  n 1, 
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SO 
20n-2  k -2  10n kn 3k -1  8 - -  4 - -  + - -  
29 k + 2 29 29 29 k + 2' 
3k z + 7k - 238 
n~ k2+ 12k-60"  
i.e. 
Hence n ~< 3, contradicting the assumption that n ~> 7. [] 
Lemma 7. We have k = 2. 
Proof.  Suppose that k ~> 3. Then Lemma 6 implies that k = 3 and Lemma 4 implies 
that there is y e F(x) such that Fc(y) = {ax,a3,as}. Let us do some preparation for 
the proof of the lemma. Since G is triangle-free we have 
r(a3 n r(ai+ 1) = 0 
for l~<i~<6. Then 
IFG,(a,)l + IFG,(ai+ 1)1 : I t (a,)w r(ai+ l) - (F(a,)w r(a~+ ~))c~ r(x) l  
In particular, 
and 
IF~,(al)l + IFw(a2)l ~ -  
/> IF(a,)l + IF(a,+l)l - d(x) 
20n - 2 
- -  d(x). 
29 
IFw(as)l + IF~,(a6)l ~ - -  
20n - 2 
29 
d(x) (33) 
First we shall show that 
F(a2) ~ F(a6) n F(x) = O. 
20n - 2 
29 
d(x). (34) 
We may assume that F(a2) n F(a6) n F(x) ~ O. Then there is a vertex z in 
F(a2) n F(a6) c3 F(x), 
such that 
r(z) c~ (r( a2) u r (a6) )  = 0 
since G is triangle-free. The assumption k = 3 implies that 
FG,(a2) n F~,(a6) = O. 
05) 
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Therefore, 
IFo,(a2)l + IFw(a6)l + Ir(z)l + Ir(x)l = IFo,(a2)w Ft;,(a6) u F(z)w r(x)l ~ n. 
By inequalities (33) and (34), this is 
n ~> [Fw(a2)l + IFw(a6)l + d(z) + d(x) 
20n - 2 20n  - 2 
>~ - -  d (x ) -  IFw(a01 + - -  
29 29 
so 
21n - 5 
29 IFG,(al) I -  IFw(as)l ~< d(x). 
Since y is joined to al and as, we have 
(rw(aO w r~,(as)) c~ r (y )  = O. 
Also, since k = 3, we have 
rG,(aO n r~,(as) = O. 
Therefore, 
thus 
10n - 1 
d(x) --FG,(as)I + - - +  d(x), 
29 
(36) 
IF(y)I + IFo,(al)l + IFa,(as)l + Id(x)= I t (y )u  Fo,(al)u F~,(as)u F(x)l ~< n, 
d(x) ~< n - IFw(a01 - IF~,(as)l 
10n -- 1 
29 
(37) 
But inequalities (36) and (37) imply that 
31n - 6 
- -~<n.  
29 
This is a contradiction. Hence, relation (35) holds. Similarly, we have 
F(a4) n F(aT) n F(x) = 0. (38) 
Now we return to the proof of the lemma. Without any loss of generality, we may 
assume that IFw(al)l ~< IFw(as)l. We claim that 
F(a2) n F(as) c~ F(x) = 0. (39) 
Indeed, if z e F(a2) c~ F(as) c~ F(x) then 
r(z) n (r(a2) w r (as) w r (x)  ) = O. 
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Since k = 3, the set /'t;,(a2) n Fw(as) is the empty set, so, by (33), we have 
30n - -  3 30n  - -  3 
- -  ~ - -  IYo,(al)l + [Fa,(a5)l 
29 29 
10n - 1 20n -- 2 
29 29 
d(x) - IrG,(a,)l + I/'~,(as)l + d(x) 
~< Ir(z)l + IVG,(a2)l + IFG,(as)I + Ir(x)l 
= IV(z) vo Fa,(a2) w FG,(a5) w r(x)l 
=n.  
Since IFw(al)l ~< [Fw(as)l, we arrive at the contradiction (30n - 3)/29 ~< n, proving 
our claim. 
Relations (35), (38) and (39) imply that for every z~ F (az )mF(x)  we have 
Fc(z) = {az,a4} or Fc(z) = {az,a7}. A fortiori, every vertex z ~ F(a2) ~ F(x) is joined 
to at most two vertices of the cycle C. It is clear that every vertex in 
F(x) - F(a2) c~ F(x) is joined to at most three vertices of the cycle and that every 
vertex of G' is joined to at most two vertices of the cycle. Therefore, 
3d(x ) -  IF(a2)c~ F(x)l + 2[G'I 
= 21r(a2)~r(x)l + 3IF(x) - F(az)c~F(x)l + 21G'I 
> 2 dc(v) + E dc(v)+Edc(v)  
v s F(a2)  c~ F(x )  ve  r (x )  - F(a2 ) r~ r (x )  v s G' 
7 
70n -- 7 (40) >~ V/_., d(a,) >>. 
2~ 
i=1  
Lemma 1 implies that F (a2)n  F(x)4= O, and the maximality of s implies that 
lOn-  1 IF(a2) c~ F(x)l/> 29 s. Therefore, inequality (40) becomes 
10n - 1 70n - 7 
3d(x) + s + 2[G'[ ~> (41) 
29 29 
Clearly, [G'[ + d(x) + 1 = n and, by (28), s + 1°~9~ + d(x) <~ [G'I + 1 + d(x) = n. 
Hence inequality (41) implies that 
10n - 1 
3n >~ 21G'[ + 2d(x) + s + - -  + d(x) + 2 
29 
10n - 1 20n  - 2 
=3d(x)  - - + s + 2 J G ' l + - -  t-2 
29 29 
70n - 7 20n - 2 90n - 9 
~ > - - + - - + 2 - - - + 2 .  
29 29 29 
This gives us the contradiction 3 > ~,  completing the proof of the lemma, g] 
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Note that we actually proved that for every maximal triangle-free graph with the 
minimal degree at least (10n - 1)/29 if G - F(x) contains an odd cycle for some 
x ~ V(G) then G - F(x) contains a 5-cycle. This result may well not be best possible. 
Corollary 3 and Lemma 7 have the following immediate consequence. 
Theorem 8. Let G be a triangle-free graph with 29m vertices and chromatic number at 
least 4. I f  6(G) >>. 10m then G ~- F29 m. 
Aimed with Theorem 2 and Lemma 7, we can easily determine the function 
~k(n, K3,4) for n/> 11. 
Theorem 9. For n >/11, we have 
I 1°--~t2"9 -3) if 291n - 3 and 33, n >/ ~O(n'K3'4) = Ill°hi otherwise. 
1./29 J
Proof. Theorem 2 and Lemma 7 imply that 
~O(n, K 3, 4) <~f(n). 
To complete the proof of the theorem, we shall extend H/iggkvist's construction for 
every n >~ 11 (see Fig. 3), and construct a triangle-free four-chromatic graph F, of 
order n with minimal degreef(n). Let F32 be the graph given in Fig. 2. For n ~> 11, 
n # 32, let the vertex set of F, be the union of 11 disjoint sets: 
5 5 
V(F ) = U N, U x,,_, x. 
i=1 i=1 
Fig. 3. A triangle-free four-chromatic graph. 
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Fur thermore ,  let the edge set be 
5 5 
E(F,) = U {xy: x~X,  y¢Xi} U {xy: xeN, ,  y~Ni - ,  wX,_,  wX,+,}, 
i=1  i=1 
where indices are taken modu lo  5, so that No = Ns,  Xo = X5 and X6 = X1. All that 
remains is to specify the cardinal it ies of Ni,  Xi and  X. To do this, we dist inguish ten 
cases according to the value of n modu lo  29. 
(i) If 29m ~< n ~< 29m + 3 then let [XI = n - 25m, INil = 3m, IXil = 2m for 
1~<i~<5.  
(ii) If 29m+4<<,n<~29m+5 then let IX l=n-4 -25m,  [N~I=IN2]  = 
INsI = 3m + 1, IN3[  = IN4[  = 3m, IXx[ = IX2l = IX3[ = [XsI = 2mand IX41 = 2m + 1. 
(iii) I f29m + 6 ~< n <~ 29m + 8 then let IXl = n - 5 - 25re,IN1[ = IN21 = Igs I  = 
3m + 1, IN31 = IN41 = 3m, [X l [  = IX21 = IXs I  = 2m and IX31 = IX41 = 2m + 1. 
(iv) If 29m + 9 ~< n ~< 29m + 11 then let IXl = 25m + 1, IN~I = 3m + 1 for 
1 ~< i~ 5, IXll = 2m + k(n - 29m - 9)/2J, IXsI = 2m + [-(n - 29m - 9)/2-] and 
IXel = 2m + 1 for 2 ~< i~< 4. 
(v) I f29m + 12 ~< n ~< 29m + 14 then let IXl = n - 10 - 25m, IN~I = 3m + 1 for 
1 ~< i ~< 5 and IX~l = 2m + 1 for 1 ~< i ~< 5. 
(vi) If 29m + 15 ~< n ~< 29m + 17 then let IXI = n - 13 - 25m, INxl = IN21 = 
INs[ = 3m + 2, INil = 3m + 1 for 3 ~< i ~< 4 and IX~l = 2m + 1 for 1 ~< i ~< 5. 
(vii) I f29m + 18 ~< n ~< 29m + 20 then let IXl = n - 16 - 25m, IN~l = 3m + 2 for 
1 <~ i ~< 5, I X l l  = 2m + 2 and I Xal = 2m + 1 for 2 ~< i ~< 5. 
(viii) I f29m + 21 ~< n ~< 29m + 23 then let IXl = n - 18 - 25m, IN~I = 3m + 2 for 
1 ~< i ~< 5, IXil = 2m + 2 for 1 ~< i ~< 3 and IX41 = IXsl = 2m + 1. 
(ix) If 29m + 24 ~< n ~< 29m + 26 then let IXl = n - 21 - 25m, [N~I = INsI = 
3m + 2, IN~l = 3m + 3 for 2 ~< i ~< 4, [X~[ = 2m + 2 for 1 ~< i ~< 3 and 
IX41 = IXs I  = 2m + 1. 
(x) If 29m + 27 ~< n ~< 29m + 28 then let IXl = n - 23 - 25m, INs[ = 3m + 2, 
IN~I = 3m + 3 for 1 ~< i ~< 4, IXil = 2m + 2 for i = 1,2,3,5 and IX4[ = 2m + 1. 
It is not  difficult to check that graph Fn is triangle-free four-chromat ic  with min imal  
degree f(n) .  [] 
It is clear that 
l im ~k(n, K 3, i) _ ~k(i) 
n ~oo n 
exists for every fixed i. However,  the determinat ion  of the l imit @(i) seems to be rather 
difficult if i >~ 5. At the moment ,  all we are prepared to do is to conjecture that the 
sequence {@(i)}~ is 
1 2 10 290 252010 
2' 5' 29' 869' 756029 . . . . .  
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that is ~/(i) = cq/f l i ,  where C~z = 1, f12 = 2, and 
~i = ~i -1 ,  fli ,, fli = 3~i - 1 
for i /> 3. What  we do know at the moment  is that the first three terms are correct. 
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